The paper is devoted to homology groups of cubical sets with coefficients in contravariant systems of Abelian groups. The study is based on the proof of the assertion that the homology groups of the category of cubes with coefficients in the diagram of Abelian groups are isomorphic to the homology groups of normalized complex of the cubical Abelian group corresponding to this diagram. The main result shows that the homology groups of a cubical set with coefficients in a contravariant system of Abelian groups are isomorphic to the values of left derived functors of the colimit functor on this contravariant system. This is used to obtain the isomorphism criterion for homology groups of cubical sets with coefficients in contravariant systems, and also to construct spectral sequences for the covering of a cubical set and for a morphism between cubical sets.
Introduction
In this paper we study the homology groups of cubical sets with coefficients in contravariant systems of Abelian groups. This theme grew out of the classical works of J.P. Serre [1] , S. Eilenberg and S. MacLane [2] , where the homology of the cubical set of singular cubes of topological space was considered. Serre introduced homology groups with coefficients in local systems of Abelian groups. It is been quite a long time. Further development is related to applications. Homological methods were applied in the theory of image analysis [3] , which stimulated the development of the homology theory of cubical subsets of Euclidean spaces [4] and methods for computing these groups [5] - [6] . Homology and homotopy of cubical sets are used in the noncommutative topology [7] .
Starting with the thesis of E. Goubault [8] devoted to the homology of higher-dimensional automata, papers began to appear containing applications of the homology theory of cubical and precubical sets for studying mathematical models for computational processes and systems.
It became clear that for the needs of the theory of computational processes and systems it is not enough to consider homology groups with coefficients in local systems.
Similar problems arose in the directed topology [9, Problem (M4) ]. In the monograph of M. Grandis [10] , a homology theory of cubical sets with coefficients in ordered Abelian groups was developed and homology groups of directed topological spaces were introduced. We studied homology groups of asynchronous systems and Petri nets with coefficients in modules on free partially commutative monoids [11] . It was proved [12] - [13] that these groups can be calculated as homology groups of precubical sets with coefficients in some contravariant systems.
In [14] , the adjoint functors between the category of cubical sets and the category of asynchronous systems were constructed. This indicates that it is time to study the homology of cubical sets with coefficients in contravariant systems that may not be local. Here by local systems we mean contravariant systems consisting of isomorphisms.
We consider an arbitrary abstract cubical set X with a functor from the category of singular cubes of the cubical set X to the category of Abelian groups. This functor is called the contravariant system on X. Our goal is to study the homology groups of a cubical set with coefficients in contravariant systems.
The main problem can be formulated as follows. It is known [15, Application 2] that the homology groups H n (X, F ) of a simplicial set X with coefficients in the contravariant system F are isomorphic to the values lim − → (∆/X) op n F of the left derived functors of the colimit functor. The same is true for contravariant systems of Abelian groups on semisimplicial sets (see, for example [16, Proposition 1.4] where the dual assertion is proved). In [17, Theorem 4.3] , this assertion was proved for precubical sets.
The homology groups of a cubical set, in contrast to the homology groups of simplicial set, are defined by means of a normalized complex. This makes it difficult to study them. Will the homology groups of a cubical set be equal to the values of the derived functors of the colimit functor?
We give a positive answer. First, we construct a projective resolution in the category of cocubical Abelian groups whose tensor product on an arbitrary cubical Abelian group is isomorphic to the normalized complex of this cubical Abelian group. On the basis of this, we establish that the homology groups of the category of cubes with coefficients in a cubical Abelian group are isomorphic to the homology groups of the normalized chain complex of this cubical Abelian group. Similar results were known for homology groups of simplicial Abelian groups, semisimplicial Abelian groups, precubical groups, and cyclic objects in the category of Abelian groups [18, Example 2.1]. Then we prove the main theorem of this paper that the homology groups H n (X, F ) of a cubical set with coefficients in the contravariant system of Abelian groups F : (✷/X) op → Ab are isomorphic to the values lim − → (✷/X) op n F of the left derived of the colimit functor.
We apply the main theorem to obtain an isomorphism criterion for the homology groups of cubical sets, and also to construct spectral sequences for the covering of a cubical set and for a morphism of cubical sets.
Preliminaries
Let Set be the category of sets and maps and let Ab be the category of Abelian groups and homomorphisms. We denote by Z(−) : Set → Ab the functor which assigns to each set E the free Abelian group Z(E) with basis E and to each map f : E 1 → E 2 the homomorphism Z(f ) : Z(E 1 ) → Z(E 2 ), which extends this mapping. Denote by I = {0, 1} the set ordered by the relation 0 < 1. Let Z be the set or additive group of integers and N be the set of nonnegative integers.
For any category A, we denote by A op the category opposite to A. For arbitrary objects a, b ∈ A we denote by A(a, b) the set of morphisms a → b. For any morphisms α : 
Tensor product of diagrams
For any small category D and cocomplete additive category A there is a bifunctor of tensor product
which can be characterized by means of isomorphism 
the functor (−) ⊗ F commutes with the colimits. For each G ∈ Ab D the functor G ⊗ (−) commutes with the colimits. 
Derived functors of the colimit
n F ∼ = H n (P * ⊗ F ), which are natural in F ∈ Ab D op .
Homology of the category of cubes
In this section, we recall cubes and cubical objects, and construct a projective resolution of the cocubical Abelian group ∆ ✷ Z. We prove that the tensor product of this resolution on an arbitrary cubical Abelian group F is isomorphic to the normalized complex of F . It follows that the homology groups of this normalized complex are isomorphic to the homology groups lim − → ✷ op n F of the category ✷ op with coefficients in F .
The category of cubes
For an arbitrary n ∈ N we consider the partially ordered set I n = {0, 1} n equal to the nth Cartesian power of the totally ordered set I = {0, 1}. For n = 0 the set I 0 consists of the single element ∅. The partially ordered set I n is called the n-dimensional cube.
The objects of the category of cubes ✷ are the cubes I 0 , I 1 , I 2 , · · · . Morphisms of the category ✷ are nondecreasing maps I p → I q that can be got by composition of the face morphisms δ k,τ i
In particular, δ
for all x 1 ∈ I. Sufficiently complete information on the category of cubes can be found in [7] , [20] , and [21] . In particular [7] , its objects can be considered as Euclidean cubes [0, 1] n . We have the equalities
(1 i j n − 1, n 2); (4)
By [20, Lemma 4 .1], every morphism f : I k → I n in ✷ has a unique decomposition of the form
A morphism in ✷ is injective if it is given by an injection. The category ✷ contains the subcategory ✷ + such that Ob(✷ + ) = Ob(✷) and morphisms in ✷ + are injective morphisms of ✷. This subcategory is generated by face morphisms δ k,τ i and can be given by the relations (3).
Cubical sets
Let A be a category. A cubical object in A is an arbitrary diagram X : ✷ op → A. In particular, cubical sets are diagrams X : ✷ op → Set, and cubical Abelian groups are diagrams F : ✷ op → Ab. A cocubical object is a diagram ✷ → A. In particular, a cocubical Abelian group is a diagram of Abelian groups on ✷.
The category ✷ can be specified by the conditional graph in the sense of [ 
Nondegenerate cubes
The cube x ∈ X k is degenerate if there are y ∈ X k−1 and i ∈ {1, . . . , k} such that σ k i (y) = x. Otherwise it is called nondegenerate. Let h I n : ✷ op → Set be the representable contravariant functor, it is defined by h I n (I k ) = ✷(I k , I n ) on objects, and it assigns to each morphism
The functor h I n is the cubical set and it is called the standard n-dimensional cube. It can be given as the triple (
The following lemma follows directly from the definition of degenerate cube.
is degenerate if and only if there exist a morphism g :
Proposition 2 Let n and k be nonnegative integers. A cube f ∈ h I n (I k ) is nondegenerate if and only if a corresponding map f :
Proof: Formula (6) shows that each morphism f : I k → I n admits a decomposition f = δǫ into a composition of a surjection and an injection I k ǫ
It follows that for each q from the range 1 q r, there is a permutation carrying ǫ k iq to the last place. Consequently, each morphism that is not an injection, admits a de-
n . So, it is the degenerate cube of the standard cube h I n by Lemma 3.1. Obviously the inverse statement: if such a decomposition exists, then the morphism is not an injection. We obtain that the set of degenerate cubes
The construction of a projective resolution
In this subsection, we construct a projective resolution of the cocubical Abelian group ∆ ✷ Z in the category Ab ✷ .
Consider the sequence of objects and morphisms in the category Ab
consisting of the cocubical groups and the natural transformations
following from the equality (3) we will follow the fulfillment of the formula d k d k+1 = 0, for all k 0. Hence, the sequence (7) is a chain complex. But it is not exact in dimensions k > 0 [17, Remark 4.4] and therefore can not be a resolution of some object in Ab ✷ . For n 0 and k 0, consider a subset 
I k /ZD k consists of the projections to the guotient groups. We have the following exact sequence in Ab ✷ :
Lemma 3.2 The functor Zh I k /ZD k is the projective object in the category Ab ✷ .
Proof: Consider the exact sequence (8) . According to Proposition 2, the Abelian group Zh I k /ZD k (I n ) is isomorphic to free Abelian group Z✷ + (I k , I n ) generated by injective morphisms µ : I k → I n . For every k 0, we consider the functor Z✷ + (I k , −) : ✷ → Ab taking on the objects I n the values Z✷ + (I k , I n ). It carries the face morphisms δ n,τ i
But it carries the degeneracy morphisms ǫ n i into the maps acting on the elements µ ∈ ✷ + (I k , I n ) by the following formula
otherwise.
For every k 0 the functor Z✷ + (I k , −) is isomorphic to the functor Zh I k /ZD k . We have the exact sequence
The natural transformation pr consists of the homomorphisms pr n :
n ) taking the following values on the basis elements
They are components of a natural transformation in. The compositions pr n • in n equal to the identity homomorphisms. It follows that pr•in is the identity natural transformation. Therefore, for each k 0, the functor Zh I k /ZD k is the projective object of the category Ab ✷ as the direct summand of the projective object Zh I k . ✷ We proceed to the next step on constructing the projective resolution of the object ∆ ✷ Z ∈ Ab ✷ . For this purpose we consider the homomorphisms
Similarly, for i > j, the equality
= g, and the same time,
It follows that the homomorphisms (d k ) I n carry elements of ZD k (I n ) into elements of ZD k−1 (I n ). So, we have the chain complex consisting of the cocubical Abelian groups Zh I k /ZD k and the differentials d k with components defined on the cosets of the subgroups
Lemma 3.3 Let K * be the complex of Abelian groups
Then the homology groups H q (K * ) equal 0 for q > 0, and H 0 (K * ) = Z.
Proof: We want to prove that the complex K * is isomorphic to the complex C * constructed in [17, Lemma 4.1] and consisting of the Abelian groups and homomorphisms
Here
for all ν ∈ ✷ + (I k , I n ) and α ∈ {0, 1}. For this purpose we consider the homomorphisms γ k :
is an arbitrary linear combination of injective morphisms I k → I n with integer coefficients. It is easy to see that the sequence of γ k , k 0, is an isomorphism of the complexes C * → K * . According to [17, Lemma 4 .1], the homology groups of C * are equal 0 in dimensions k > 0 and H 0 (C * ) = Z. Consequently, the same is true for K * . ✷ Deline the natural transformation ǫ : Zh I 0 → ∆ ✷ Z as having the components ǫ I n : Z✷(I 0 , I n ) → Z taking the values ǫ I n (x) = 1 on basis elements x ∈ ✷(I 0 , I n ).
Proposition 3
The sequence of the objects and morphisms
in the category Ab ✷ is the projective resolution of the diagram ∆ ✷ Z.
Proof: It follows from Lemma 3.3 that this sequence is exact. The cocubical Abelian groups Zh I k /ZD k are projective objects of the category Ab ✷ by Lemma 3.2. Therefore, this sequence is the projective resolution. ✷
Homology of the normalized complex of a cubical Abelian group
Let F : ✷ op → Ab be a cubical Abelian group. We construct its normalized
For any category A with finite coproducts, its object A ∈ A and a nonnegative integer n 0, we denote by A ⊔n the coproduct of n copies A · · · A of the object A. Let in i : A → A ⊔n be the morphisms of the coproduct cocone, 1 i n. For any objects A, B and morphisms f 1 , . . . , f n ∈ A (A, B) of the category A, we denote by (f 1 , . . . , f n ) :
If A is an Abelian category, then the coproduct is denoted by the symbol ⊕. In this case, for any f 1 , · · · , f n ∈ A(A, B) there is the cokernel of the morphism (f 1 , . . . , f n ) : A ⊕n → B. It consists of an object coker(f 1 , . . . , f n ) and a projection pr : B → coker(f 1 , . . . , f n ).
In the Abelian category, for a morphism f : A → B, the object coker(f ) is defined up to isomorphism. But if A = Ab then as a cokernel, one can take a quotient group together with the projection pr : B → B/Im(f ) assigning to every b ∈ B its coset b + Im(f ). This cokernel we will call canonical. The canonical cokernels give a functor on the category of morphisms of Abelian groups. Similarly, we can define a canonical cokernel in the category of diagrams Ab D on a small category D. The canonical cokernel of the homomorphism (f 1 , . . . , f n ) : A ⊕n → B is equal to the quotient group B/(Im(f 1 ) + . . . + Im(f n )) with the projection assigning to every b ∈ B its coset b + Im(f 1 ) + . . . + Im(f n ).
Let F ∈ Ab ✷ op be a cubical Abelian group. Consider the chain complex
be the subgroup generates by the images of homomorphisms F (ǫ k i ) :
, for 1 i k. Its elements are called degenerate chains.
For i = j the term equals 0. For 1 i < j k it is equal to
The normalized complex of a cubical Abelian group F ∈ Ab
Let Ch be the category of chain complexes of Abelian groups {(K n , d n )} such that K n = 0 for all n < 0. It follows from Lemma 3.4 that we can define the differentials d
Proposition 4 The maps assigning to
Proof: The functor C * is defined in the usual way. It follows by Lemma 3.4 that D * is a functor. By Definition 1, we conclude that C N * can be considered as a functor. ✷ Image of the homomorphism
, hence we have from Definition 1 the following exact sequence:
Denote P k = Zh I k /ZD k . Let P * = (P k , d k ) be the projective resolution constructing in Proposition 3.
Theorem 1
The complex P * ⊗ F is isomorphic to the complex C N * (F ).
Proof: The cubical Abelian groups F and Zh I (−) ⊗ F are isomorphic. The natural isomorphism is given on the Fig. 1 . The application of Proposition 4 leads to the isomorphism of complexes C N * (F ) ∼ = C N * (Zh I (−) ⊗ F ). Now it is suficient to prove an isomorphism of complexes C N * (Zh I (−) ⊗ F ) and P * ⊗ F . First, we constructing isomorphisms
Hence, we need an isomorphism (Zh
Consider the exact sequence constructed in the same way as (10):
The functor (−) ⊗ F : Ab ✷ → Ab is right exact, so it carries the exact sequence (11) into the exact sequence
The first homomorphism of this sequence admits the following decomposition
where j k is denoted the inclusion ZD k ⊆ Zh I k , and e k is the epimorphism onto ZD k . There is an exact sequence of Abelian groups T or(P k , F ) →
By Lemma 3.2, the object P k is projective. Therefore, j k ⊗ F is the monomorphism, and e k ⊗ 1 F with j k ⊗ 1 F form the decomposition of (Zh
a composition of an epimorphism and a monomorphism.
The finite direct sums commute with the tensor product. Hence, there is an isomorphism (Zh
It leads to the commutative diagram shown in Fig. 2 .
Any two decompositions by an epimorphism and a monomorphism are isomorphic. It follows that there exists a unique isomorphism α k , shown by the pointed arrow in Fig.2 making a commutative triangle and the square of the diagram.
Consider the isomorphism of the exact sequences shown in Fig. 3 . Here the isomorphism β k appears as an isomorphism of cokernels complementing the diagram to a commutative diagram. It remains for us to prove that the isomorphisms β k commute with the differentials. Using the cokernel construction, we can obtain the remaining morphisms of the diagram shown Fig.3 . The isomorphism of the exact sequences. 
The diagram on Fig. 1 gives an isomorphism 
The isomorphism of cubical Abelian groups F ∼ = Zh I (−) ⊗F leads to the fact that this exact sequence is isomorphic to 0 → D k (Zh 
Homology of cubical sets with coefficients in contravariants systems
Let X ∈ Set ✷ op be a cubical set. For integer m 0, its m-dimensional singular cube is an arbitrary morphism h I m ξ → X of cubical sets. Denote by ✷/X the comma-category of objects h ✷ -over X in the sense of [24] where h ✷ : ✷ → Set ✷ op is the Yoneda embedding. We follow to [15] and call it the left fibre of h ✷ over X. The objects of ✷/X are singular cubes of X.
By Yoneda Lemma, each singular cube h I m ξ → X is defined by the element x = ξ I m (1 I m ) ∈ X m , and we can denote it by ξ = x. So, these objects are equal to h I m x → X for some x ∈ X m . Morphisms of the category ✷/X are commutative triangles shown in Fig. 6 . A contravariant system on X is an arbitrary diagram of Abelian group F : (✷/X) op → Ab. We define homology groups of a cubical set X with coefficients in F as the homology groups of a normalized chain complex and we prove that these homology groups are isomorphic to Abelian groups lim − → 6 . A morphism of ✷/X.
Normalized complex of a cubical system with coefficients in a contravariant system
Let X be a cubical set. The category (✷/X) op can be considered as consisting of the set of objects x ∈ n 0 X n . Its morphisms can be given as triples Fig. 7 . The definition of face operators.
commutative diagrams shown on Fig. 8 .
n,τ i , s n i ). We call it a normalized complex of X with coefficients in F . By Definition 1, it consists of quotient groups C N n (X, F ) = C n (X, F )/D n (X, F ) where D n (X, F ) is a subgroup generated by images of the homomorphisms s n i . Its differentials are defined by d Definition 2 Homology groups H n (X, F ) of a cubical set X with coefficients in a contravariant system F on X are the homology groups H n (C N * (X, F )) of the normalized complex.
Main Theorem
Before passing to the main theorem, we recall some definitions and prove an auxiliary lemma. For an arbitrary functor S : C → D and an object d ∈ D the (left) fibre S/d of S over d [15, Application 2] is the category whose objects are pairs (a ∈ C , α : S(a) → d) consisting of an object a ∈ C and a morphism α : S(a) → d. Its morphisms (a 1 , α 2 ) → (a 1 , α 2 ) are specified as morphisms γ : a 1 → a 2 such that α 2 • S(γ) = α 1 . The forgetful functor Q d : S/d → C assigns to each pair (a, α) the object a ∈ C and to any morphism (a 1 , α 1 ) γ → (a 2 , α 2 ) the morphism γ. 
For each contravariant system F on a cubical set X, there are isomorphisms
F for all n 0. 
is constructed by inversion of homomorphisms of the local system L. In particular, for the standard k-dimensional cube X = h I k , the category ✷/h I k has the terminal object 1 Corollary 3 For any local system L on the standard cube h I k , we have
5 Spectral sequences for the homology of cubical sets
To compute the homology groups of simplicial, semisimplicial, and precubical sets, it suffices to use a chain complex in which the differentials are linear combinations of face operators. In the case of a cubical set, this complex must be normalized, and it is not clear how to study the properties of homology groups of cubical sets with coefficients in contravariant systems consisting of homomorphisms that may not be isomorphisms. In this section it is shown that in many cases Theorem 2 allows us to solve this problem. The results analogous to those obtained in [17] for precubical sets are proved.
The isomorphism criterion for the homology groups of cubical sets
Consider a morphism of cubical sets f : X → Y . The functor ✷/f : ✷/X → ✷/Y assigns to any singular cube x : h I n → X the singular cube
F . The application of Theorem 2 leads to homomorphisms 1. For each y ∈ k 0 Y k the groups H n ( ← − f (y), ∆Z) equal to 0 for all n > 0,
The canonical homomorphisms of Abelian groups
We give an example showing that even morphisms between standard cubes do not preserve homology groups with coefficients in contravariant systems.
is isomorphic to the product h I 1 × h I 1 . It was shown in [21, Remark 3.5] that the geometric realization of h I 1 × h I 1 has the homotopy type of the wedge of spheres S 2 ∨ S 1 . But we will not use this for calculating the homology groups of the cubical set h I 1 × h I 1 . The set of n-dimensional singular cubes of this product consists of pairs of functions (α, β) ∈ ✷(I n , I 1 ) × ✷(I n , I 1 ). For n 3, it does not have nondegenerate cubes. It has two nondegenerate 2-dimensional cubes:
In standard notations, they are equal to (ǫ 
Here H n (X) are the homology groups of cubical sets with coefficients in ∆Z. In particular, there exists a contravariant system F on the point h I 0 , such that for f = h ǫ 1
1
: h I 1 → h I 0 the morphism H n (h I 1 , f * F ) → H n (h I 0 , F ) is not an isomorphism.
Homology groups of the colimits of cubical sets
Let X : J → A be a diagram of objects in a category A defined on a small category J. In some cases, it is convenient to denote it by {X i } i∈J (shortly {X i }), indicating its values X i on objects i ∈ Ob(J). Denote by λ i : X i → lim − → J {X i } i∈J the morphisms of the colimit cone. We will consider the first quadrant spectral sequences in the sense of [26] Corollary 5 Let J be a small category and let {X i } i∈J be a diagram of cubical sets such that lim − → J q {Z(X i n )} i∈J = 0, for all n ∈ N and q > 0.
Then for any contravariant system F on lim − → J {X i } there exists a first quadrant spectral sequence
Every monoid J can be considered as the category with a unique object and the set of morphisms J. Any left J-set X defines the functor X : J → Set assigning to its unique object the set X and to every morphism g ∈ J the map defined by X (g)(x) = gx.
The monoid J acts free on X, if the functor X is isomorphic to the coproduct of representable functors J → Set.
The monoid J acts free on a cubical set X if it acts free on X n for each n 0.
If J is a monoid, then the values of left derived functors of the colimit lim − → for all n 0. Here λ i : X i → X 1 ∪ X 2 for i ∈ {1, 2}, and λ 0 : X 1 ∩ X 2 → X 1 ∪ X 2 are inclusions.
A spectral sequence of a morphism
Let f : X → Y be a morphism of cubical sets. The inverse images of singular cubes y of Y form a diagram of cubical sets { ← − f (y)} y∈✷/Y whose colimit is isomorphic to X. Applying the general theorem on the spectral sequence of a morphism [27, Theorem 4.1], where we must take the category Ab op instead of A, we obtain the following statement with the help of Theorem 2:
Corollary 9 Let f : X → Y be a morphism of cubical sets and F a contravariant system on X. Then there is a first quadrant spectral sequence 
The conclusion
We have established that the homology groups of a cubical set with coefficients in a contravariant system can be considered as left derived functors of the colimit with coefficients in this system. The corollaries obtained show that the homology of cubical sets has many properties known earlier for simplicial, semisimplicial and precubical sets. In the future, the applications of the main theorem for the study of homology groups of cubical sets with coefficients in local systems, and also for studying homology groups of directed topological spaces.
